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Term Rewriting

e Variables x, v, z, ... €

* Functions f, g, h, ... € F, witharityar : F - N
e Terms s, t,[,r,... €T 1= x| f(sl, ...,Sar(f))

e Substitutions o, 7, ...: V = T

* Term Rewrite System (TRS) R isasetofrules[ — r

meaning "R rewrites [0 to 7¢" (under any context)
Cllo] =g Clro]

* R is terminating: thereisno s; -5 S, =2 53 =25 -




SMT for Term Rewriting



Proving termination

* Initialize:
(P, R) . .
: : — where P is the set of dependency pairs
R 1s terminating
* Divide:
(811 R) (en; R)
where C4, ...,C,, are the SCCs of dependency graph

(P, R)
* Concur:

(C\>WPO( . ’)’R) ifCU:RQZWpo( 1)

(C,R)



Definition: WPO(

1.

WPO [v+, scp 20141 as SMT

, >, 1) is defined by:

S = f(Sl, ...,Sn) ;WPO t = g(tl, ,tm) iff
[s] > A[t] or
[s] = A[t] and

2.

a.3di € 7(f).s; Qwpo t; OF
b.Vj € 7(g).s Twpo t; and
i.f =g or
ii. f = gand

£(51, 00, 57) 2 16\’,‘130 g (1, s tn)

(5 Zypo t) =
1. A[s] > A[t] v
2. Alls] = At] A(

d. (ViE (f) Si ;wpo t) V
b. (Ajeng)s Fwpo 4) A
i.f gV
i.f =g A

f(Sl;---;Sn ;{/S)p()o g(tlf""tm)))

[ Can be huge.

Be lazy ]




Lazy SMT encoding

Definition: WPO(-A, =, ) is defined by: (S t) =
S = f(Sl' "'iSn) Zwpo t = g(tl; ""tm) iff 1. [[S]] > [[t]] Vv
1. A[s] > A[t] or
2. A[s] = A[t] and 2. A[s] = A[t] A(A_.
a.3i € 7(f).s; Awpo t; Or a. (V. S t) Vv
b.Vj € 7(g).s Twpo t; and ( e )
i f g or b. (/\]E (9) S t]) A\ (A_.
ii. f = gand i.f gV
(51, 0y 5n) %0 74 (tr, oo, t) i.f =g AN
£(S1, - Sn) PLGCTRSY tm)) )

False if ¢ is obviously false
O AY otherwise

¢AAY) <



Further ideas

* Context-aware encoding?
b1 A (/\ (Prna AP A(AP)) V- )) S Py A (e A(Ppoq V)
if @1 A -+ A @, is (trivially) unsat

* Encode by need?

* SMT solver might not need to know
e e.g. x>0V (A1) is SAT, whatever i



Satistiability modulo rewriting



Reachability (in term rewriting)

 Example: Let R be a rewrite system (or functional program)
hd(Cons( , )) —
hd(Nil) — error("nil access")

* Question:
* From hd(x), is error(v) reachable?

e Classic answer:
* NO! because hd(x) »7% error(y)

* Our answer:
solution [x ~ Nil, v » "nil access"]



Our motivation stems from...

* termination analysis:
String(x) + v — int_of string(x) + v € R,
is non-looping, if
int_of_string(x) - String(x") is UNSAT modulo R,

* confluence analysis for conditional rewriting:
sgn(x) > 1 < x>0 -» True,
sgn(x) » —1 & x <0 -» True € R,
are harmless, if
>0 -» True A x < 0 - True is UNSAT modulo R,
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Problem is not new

e ... but not so old
 called "(in)feasibility"
* SAT/SMT friendly formulation

* look-ahead reachability
* implementations

e Contribution of
* a model-based UNSAT



Reachability constraint satisfaction

* Syntax
O, ..i=5s>t|TILIGAY | VY| P2 | | Tx.d | Vr.p
* Semantics

* substitution o satisfies ¢ modulo rewrite system R Er @
Fr S>>0 &< SO -»ptL

FrdpAY & (0 Fr @) A (0 Ex )

* ¢ is satisfiable modulo 7: SAT%(¢)
 there exists o suchthat o E4 ¢
* ¢ and 1 are equisatisfiable modulo : b= Y

* SATz(¢) & SATR(¥)



Co-rewrite pair

Definition: (=, =) is a co-rewrite pair if

* = and = are closed under substitutions (s = t = s = t0)
« = is closed under contexts (s = t = C|[s] = C|[t])
* = is a quasi-order
cE=nC =0
Theorem Y, |JCAR 2022]:
s -» t is R-unsat iff there's a co-rewrite pair (=, =)st. R € =ands ¢

[Proposition: WPO forms a co-rewrite pair (under mild modification)]
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Clause refuter

Corollary [V, JCAR 2022]: s = t is R-unsat iff
there is cﬂ, ?, mst.RC ZWPO(cﬂ,k,TC) NS Ewpo(dq’>’7-[) t

((Almost) Corollary [new]:s; » t;{ A---As,, > t, is R-unsat iff A

there is A, =, 1 s.t.

R E2wpoa,-m) A (51 Ewpo(a,=n) t1 V *V Sp Ewpo(a, - 1) tn) Y
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Constructors evaluate to constructors

* Observation (folklore):
if Cons(...) = --- € R then
e Cons(s,ss) » Cons(t,ts) iff s »5, t and ss »4 ts
* Cons(s,ss) »4 Nil never happen

* In our language:
* Cons(s,ss) » Cons(t,ts) =p s » t Ass » ts
* Cons(s,ss) » Nil =4 L
* Proposition: If f(...) = -+ & R, then
f(51, 0, S,) » f(ty, e, ty) S0 Syt A AS, >,
f(L.)»g(..)=xL1L iff#+g

15



Constructors evaluate to constructors

* Observation (folklore):
if Cons(...) = --- € R then
e Cons(s,ss) » Cons(t,ts) iff s »5, t and ss »4 ts
* Cons(s,ss) »4 Nil never happen

* In our language:
* Cons(s,ss) » Cons(t,ts) =p s » t Ass » ts
* Cons(s,ss) » Nil =4 L

* Proposition: If f(...) = -+ & R, then
f(Sl; ""Sn) > g(tb ) tm) =R
>e L Sl_»tl/\"'/\sn*tn lff:g
f(51; ...,Sn) > g(t1; ""tm) " {J_ if f + g
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Look-ahead

*cR={0>x - False, s(x) >0 - True, s(x) >s(v) > x> v}

1

Is O > 7z > True SAT modulo R?
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Look-ahead

*cR={0>x - False, s(x) >0 - True, s(x) >s(v) > x> v}

X1

Is O > 7z >» True SAT?



Look-ahead

*cR={0>x - False, s(x) >0 - True, s(x) >s(v) > x> v}

X 1/

Is 0 > 27z —>» True SAT?



Look-ahead

*R={0>x - False, s(x) >0 - True, s(x) >s(yv) > x>v}

X 1/

Is 0 > 27z ->» True SAT?

* Theorem [Sternagel & Y., TACAS 2019]:
fls1..) » gty ...) =x

Fsy ) »>€ g(t, ) V \/ Flsi ) »>€ 1 AT g(t; )

[->1rER
renamed
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Look-ahead example

*cR={0>x - False, s(x) >0 - True, s(x) >s(v) > x> v}
* 0>z -» True
=» 0->»>0Az->»xA\Ealse—sTrueV
BN 7 >» 0 A True - True V
D= sCINZ»s(V)Ax >y » True
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ldea:

problem

DPLL

blocking clause

solution

UNSAT

equisat formula

Clause refuter

Lookahead
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Conclusions

e Use of SMT for rewriting
* Context-aware encoding?
* Encoding by need?

e Satisfiability modulo rewriting
« DPLL(R)?
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